By direct numerical simulations of a chemical reaction-diffusion system coupled to a periodic external AC electric field with frequency equal to double frequency of the scroll wave rotation, we find that scroll rings resonate with the electric field and exhibit various dynamical behaviors, for example, their reversals, collapses, or growths, depending both on the initial phase of AC electric fields and on the initial phase of scroll rings. A kinematical model characterizing the drift velocity of the scroll rings along their radial directions as well as that of the scroll rings along their symmetry axes is proposed, which can effectively account for the numerical observations and predict the behaviors of the scroll rings. Besides, the existence of the equilibrium state of a scroll ring under the AC electric fields is predicted by the kinematical model and the predictions agree well with the simulations. Published by AIP Publishing. https://doi.
Excitable media represent a wide class of nonequilibrium systems which play an important role in physical, chemical, and biological applications. Spiral waves in two spatial dimensions are among the most paradigmatic examples of spatiotemporal self-organizing structures in excitable media. In three dimensions, the analogues of spiral waves are called scroll waves, which rotate around a one-dimensional phase singularity called the filament. If the filament forms a closed loop, known as a scroll ring, it will shrink over time and eventually collapse with positive filament tension. In this paper, we study the effects of periodic external fields on the dynamics of scroll rings both numerically and theoretically and show that scroll rings can resonate with the periodic external fields and exhibit various dynamical behaviors over time. Our work may give new insights into the dynamics and the control of scroll rings. INTRODUCTION Rotating waves are typical self-organized structures in excitable systems, 1, 2 which have been observed in cardiac muscle, 3 aggregations of Dictyostelium discoideum amoebae, 4 the oxidation of CO on platinum, 5 and the Belousov-Zhabotinsky (BZ) reaction. 6 The interest in the dynamics of rotating waves has significantly broadened in the last decade as such self-sustained rotating wave activities are thought to be responsible for certain types of cardiac arrhythmias, such as ventricular tachycardia and fibrillation, the main causes of sudden cardiac death. [7] [8] [9] [10] [11] [12] [13] A rotating scroll wave is the three-dimensional (3D) equivalent to a two-dimensional (2D) rotating spiral wave. It can be considered as a stack of spiral waves. [14] [15] [16] [17] The connection of the tips of these spirals defines a filament (i.e., phase singularity), around which the scroll wave rotates.
Cardiac systems are typical 3D excitable extended systems; it is thus that, from a practical point of view, controlling the behaviors of scroll waves is important and meaningful. Up to now, various methods to control scroll waves have been put forward. [18] [19] [20] [21] [22] [23] [24] [25] The dynamics of the whole scroll wave is often dictated by the motion of the filament. The filament can be straight, curved, or closed into a circular loop known as a scroll ring. Over the past few decades, scroll rings have been extensively studied because their constant radius permits a convenient measurement of the dependence of the filament dynamics on the local curvature. [26] [27] [28] [29] [30] [31] [32] [33] Without external perturbations, the dynamics of an untwisted scroll ring is determined by the dependence of filament tension and binormal drift coefficient with curvature. 15, 16 Depending on the sign of the filament tension, two main dynamics have been observed in rings with small curvature: either they collapse when filament tension is positive or they expand if the tension is negative. The binormal drift coefficient affects the drift of a scroll ring perpendicular to the plane of the ring.
External perturbations, such as gradients of temperature, 34, 35 illuminations, 36 and electric fields, 37 can significantly affect the dynamics of scroll rings. In heterogeneous systems, the externally applied DC electric field can also remove the pinned scroll ring from the anchoring heterogeneities. 38 In recent years, the dynamics of scroll rings attracted considerable interests continuously. For example, the studies on spatial confinement 39, 40 showed that it has crucial influence on the dynamics of scroll rings. Spatial confinement not only can stabilize the scroll rings with the negative filament tension 39 but also can prevent the collapse of scroll rings with the positive filament tension. 40 In Refs. 41 and 42, it was shown that the application of a uniform time-independent DC electric field can change the rate at which the scroll ring shrinks, and in some cases, can slow down the drift velocity of the scroll ring along its symmetry axis in homogeneous excitable media. To date, however, how the scroll rings respond to an externally applied a)
Author to whom correspondence should be addressed: hongzhang@ zju.edu.cn time-dependent AC electric field has never been investigated. In the presence of an AC electric field, spiral wave in two dimensions undergoes a resonant drift when the frequency of the AC electric field is twice that of the spiral rotation. 43 A theoretical description for such a drift of spiral wave was recently introduced, 44 which provides explicit equations for the drift velocity of a 2D spiral wave due to the effects of the AC electric field and the polarized electric field. In three dimensions, in addition to whatever dynamics 2D spiral waves might have, 3D scroll waves exhibit additional dynamics associated with the filament motion. Hence, much more extensive results on the 3D scroll waves, especially on the axis-symmetry scroll rings in response to the externally applied AC electric fields, are of interest for the deeper and more comprehensive understanding and the control of scroll ring dynamics.
In this paper, we will first, through direct numerical simulations of a chemical reaction-diffusion system, present the numerical evidence that scroll rings can display rich evolutionary behaviors under an externally applied AC electric field with frequency twice that of the scroll wave rotation. Second, we will propose a group of kinematical equations by a linear superposition of the theory of dynamics of the free scroll ring 15, 16, 28, 45, 46 and the drift formula of the spiral due to the effects of the AC electric fields. 44 The proposed kinematical model describes the drift velocity of the scroll rings along their radial directions as well as that of the scroll rings along their symmetry axes under the AC electric fields, which can effectively interpret the numerical findings and predict the behaviors of scroll rings and their control ways. Furthermore, an additional significant result that a scroll ring can stand in a stationary state with time evolution under the specific AC electric fields can further be predicted by the kinematical model. The theoretical predictions are compared with the numerical results.
NUMERICAL SIMULATIONS
With an additional term ðÀM _ E@ x uÞ, where E ¼ E 0 cos ðx e t þ /Þ, a two-variable reaction-diffusion model can describe the propagation of scroll waves in the presence of an AC electric field directed along the x axis [47] [48] [49] in chemical excitable media . We only consider the diffusion of u as we assume that the reaction takes place in a gel which immobilizes the catalyst, i.e., D v ¼ 0. 50, 51 In the present paper, we choose the FitzHugh-Nagumo kinetics, 52, 53 i.e., f ðu; vÞ ¼ ðu À u 3 =3 À vÞ=e and gðu; vÞ ¼ eðu þ b À cvÞ, with the parameter values e ¼ 0:25, b ¼ 0:55, and c ¼ 0:8. Such a parameter configuration supports a rigidly rotating spiral wave in two dimensions 54 and a scroll ring with positive filament tension in three dimensions. In the numerical simulations, we use an explicit Euler method and no-flux boundary conditions on a 250 Â 500 Â 500 grid with space step Dx ¼ 0:2 and time step Dt ¼ 0:005. Scroll ring is a special structure of scroll wave where the filament forms a closed loop. A scroll ring in 3D space has axial symmetry, in such a way that if we cut the 3D media with a plane containing the symmetry axis, two symmetrical counter-rotating spiral waves emerge on the plane. Figure 1 (a) is a diagram of a cross-section of a scroll ring, showing the circular axis (filament) around which the wave rotates. The top spiral rotates clockwise, while the bottom one counterclockwise. The spatial orientation of the ring is described by the unit vectorS, normal to the ring plane and with an orientation given by applying the right-hand rule tõ T along the ring. The unit tangent vectorT points in the opposite direction of applying the right-hand rule to the local spiral wave's sense of its rotation according to Keener and Tyson's definition in Ref. 45 ; note that Refs. 34 and 41 use the opposite definition whereT points in the direction of applying the right-hand rule to the local spiral wave's sense of its rotation. Figure 1 (b) is the magnification of the top spiral wave around its rotation center of the cross-section in Fig. 1 (a). The circle (blue) is the trajectories of the spiral tip over a rotation period, which is obtained by the actual motion traces of the spiral tip subtracting the filamentinduced motion traces of the scroll ring. To facilitate the following discussions, the angle U is introduced to denote the initial rotation phase of the spiral, which is measured in the counterclockwise direction from the x axis.
Without external perturbations, scroll rings will shrink in their radial directions with time evolution if the filament tension is positive, along generally with a drift perpendicular to the plane of the rings in their symmetry axes, as shown in Fig. 2(a) . In order to observe the dynamical behaviors of scroll rings in the presence of an AC electric field, we perform direct numerical simulations based on the reactiondiffusion equation (1) . The direction of the applied AC electric field is perpendicular to the plane of the scroll rings and the electric field frequency is twice that of the scroll wave 
The magnification of the top spiral wave around its rotation center of the cross-section in (a). The circle (blue) is the tip trajectories of the spiral over a rotation period and the angle U denotes the initial rotation phase of the spiral measured in the counterclockwise direction from the x axis.
rotation; as such a double frequency relationship can lead to a 2D spiral wave undergoing a resonant drift. 43, 44 We first fix the initial phase of scroll rings (U ¼ 0) and then apply, respectively, the AC electric fields with initial phase / ¼ 0 and / ¼ p to the scroll rings, as shown in Figs. 2(b) and 2(c). When / ¼ 0, the AC electric field not only reverses the drift direction of the scroll ring along its symmetry axis but also can slow down the rate at which the ring shrinks in the radial direction [compared Figs. 2(b) with 2(a)]. However, in the case of / ¼ p [ Fig. 2 (c)], the ring does not change its original drift direction in its symmetry axis, but the travel distance along the horizontal direction is longer than that when / ¼ 0 under the same evolution time [Figs. 2(a) and 2(b)]. To further compare the evolutionary behaviors of the scroll rings induced by AC electric fields with different initial phase / in detail, Fig. 2(d) gives the drift traces of the top spiral wave in the cross-section of the scroll ring [as that in Fig. 1(a) ], by systematically varying the initial phase of AC electric fields / from 0 to 2p. From the drift trajectories shown in Fig. 2(d) , we can explicitly deduce the dynamical behaviors of scroll rings due to the axial symmetry of the rings. For example, when / ¼ p=2, the scroll ring is gradually expanding, along with a travel toward the left within time; while / ¼ 5p=3, the applied electric field accelerates the ring collapse and turns the drift direction of the ring to the right. From these results, we can conclude that the dynamics of scroll rings can be significantly affected by AC electric fields with different initial phases.
Then, we fix the strength and the initial phase of AC electric fields but take different initial phases of scroll rings U as initial conditions to study the effects of AC electric fields on the scroll rings. The results are shown in Fig. 3(d) , which presents the motion traces of the top spiral wave in the cross-section of scroll ring [as that in Fig. 1(a) ] by systematically changing the initial phase of scroll ring U from 0 to 2p. One can find that the drift direction and the travel distance of the spirals are various depending on the initial phase U, and the drift traces keep invariant when the variation of U is p. For example, comparing the evolutionary behavior of the scroll ring with U ¼ 0 in Fig. 2(b) with that of the scroll ring with U ¼ p in Fig. 3 (c) will find that, there is a good agreement between them. Likewise, we can detect the dynamical behaviors of scroll rings from Fig. 3(d) owing to the symmetry of the rings. For instance, when U ¼ p=6; 7p=6, the scroll ring grows under the AC electric field, as shown in Fig. 3 (a); when U ¼ p=3; 4p=3, the AC electric field speeds up the drift of the scroll ring toward the left, while there is no obvious movement in the radial direction over time, as shown in Fig. 3 (b); when U ¼ 2p=3; 5p=3, the scroll ring features a faster contraction, as compared to the scroll rings with other initial phases. Thus, depending on the initial phase, scroll rings can also exhibit plentiful dynamical behaviors under AC electric fields.
Thus far, we have shown, through direct numerical simulations, the rich dynamical behaviors of scroll rings in response to the externally applied AC electric fields perpendicular to the plane of the rings. We observed that the scroll rings can expand, contract, or reverse if the initial phase of AC electric fields / or the initial phase of scroll rings U is appropriately taken. In particular, the drift trajectories of scroll rings present 2p-periodic variation with / and 2U, as can be seen in Figs Fig. 1(a) ] as a function of the initial phase of scroll ring U with fixed E 0 ¼ 0:06 and / ¼ 0 (the red). The blue one denotes the case of E 0 ¼ 0. The initial scroll ring radius Rðt ¼ 0Þ ¼ 29:3899 and the initial axis position Xðt ¼ 0Þ ¼ 25:3053. trajectories for U in Fig. 3(d) correspond to those for / ¼ 2U in Fig. 2(d) . Moreover, Figs. 2(d) and 3(d) also show that the drift trajectories for the case E 0 ¼ 0 point to the center of the circle formed by the endpoints of all trajectories. These numerical findings may imply that the drift velocity of scroll rings under the AC electric fields depends both on the initial phase of AC electric fields / and on the initial phase of scroll rings U, and the drift is the periodic function of 2U þ /.
KINEMATICAL MODEL
The mechanism of dynamical behaviors of scroll rings in Figs. 2 and 3 under the AC electric fields directed along the x axis can be studied by extending the theory of dynamics of the free scroll rings to include the additional effects induced by the AC electric fields. In particular, for a free scroll ring with positive filament tension, its radius shrinks with time and, simultaneously, it drifts, in general, along its symmetry axis. Such a motion has been approximately described by the two equations of local filament dynamics for relatively small filament curvature 1=R, 15, 16, 28, 45, 46 that is,
where dR=dt and dX=dt are the velocities of scroll rings in the normal (radial) and the binormal (symmetry axis) directions, respectively. The parameters c 1 known as filament tension, which can be understood in terms of perturbative dynamics of a scroll wave. 15, 16, 26 In 1994, Biktashev and colleagues 16 extended the asymptotic theory of scroll filaments developed primarily by Keener. 15 They proposed a monotonic change of the total filament length, independently of initial conditions, and showed that the coefficient c 1 (labeled as b 2 in Ref. 16 ) plays a very special role in the dynamics of the filament. Its sign uniquely determines whether the length of the filament increases or decreases irrespective of the form of the filament. If c 1 > 0, the total length of the filament decreases. Contrary to this, the total filament length increases if c 1 < 0. Due to this property, Biktashev et al. denoted the coefficient c 1 as the filament tension. Filament tension c 1 can be found via the asymptotic rate of the shrinkage or the expansion of large scroll rings with exact axial symmetry. Depending on the parameters of the medium, filament tension c 1 can be positive or negative. For example, in Ref. 18 , Alonso et al. presented a phase diagram of the filament tension that depends on the parameters of the Barkley model. The coefficient c 2 , often referred to binormal drift coefficient, specifies the drift of a scroll ring perpendicular to the plane of the ring, or more generally, the velocity component orthogonal to the local plane of the filament. 55 From the asymptotic theory of spiral wave dynamics based on response functions, 15,16,55-57 c 1 and c 2 can be calculated by the following formula:
where the angle brackets denote an inner product in the system of reference of the spiral (i.e., the system of reference co-rotating with the spiral's initial phase and the angular velocity x around the spiral's rotation center). U 0 is the initial rotation phase of the spiral in the system of reference. The column vector V ð1Þ is one of the Goldstone modes of the spiral, i.e., the eigenfunction of the linearized operator corresponding to the critical eigenvalue ix. 58, 59 The linearized operator refers to the linearization of Eq. (1) without the electric field term in the system of reference of the spiral. The column vector W ð1Þ is one of the response functions of the spiral. Mathematically, it is the eigenfunction of the adjoint linearized operator corresponding to the critical eigenvalue Àix. 58, 59 An untwisted scroll ring not only has a circular filament but also the entire solution is axisymmetric. Thus, the effects of the AC electric fields on the scroll rings can be identified by studying the influence of electric fields on the two symmetrical counter-rotating spirals in the cross-section of the scroll ring [as that in Fig. 1(a) ]. Next, we will only study the top clockwise rotating spiral under the AC electric fields due to the symmetry of the ring. In the presence of an AC electric field, spiral wave tip in two dimensions undergoes a resonant drift when the electric field frequency is twice that of the spiral wave rotation. 43 Recently, a drift velocity formula of a rigidly clockwise rotating spiral under a weak AC electric field with x e ¼ 2x was given 44
where the drift coefficients l and can be calculated by the following formula:
Here, C 1 and C 2 are, respectively, the parallel and the perpendicular drift velocities relative to the direction of the applied electric field. The column vector V ðÀ1Þ is also one of the Goldstone modes of the spiral, i.e., the eigenfunction of the linearized operator corresponding to the critical eigenvalue Àix.
Note that in the presence of an AC electric field, spiral wave tip undergoes a straight drift when x e ¼ 2x and E 0 is relatively small, e.g., E 0 ¼ 0:005 used in Ref. 44 . However, our numerical simulations showed that if the electric field strength is not small enough, e.g., E 0 ¼ 0:06 in this paper, even under x e ¼ 2x, the resonant drifting trajectory of spiral tip is actually a circle. By adjusting x e close to 2x, we can achieve a resonant straight drift for the relatively strong electric field, but such a proper x e varies with the change of E 0 . In addition, the rotation frequency of a scroll ring x depends on the ring size R. 20, 60 Therefore, for simplicity, we only consider the case of x e ¼ 2x in this paper. It is worth pointing out that the similar results can be found for the case of periodic-force-induced resonant drift of the spiral. In Ref. 61 , the authors pointed out that even though the forcing frequency of periodic force is equal to the spiral frequency (x f ¼ x), the resonant drift trajectory of spiral is also a circle if the forcing amplitude is not small enough.
Equation (4) is thus an approximate drift velocity formula of a rigidly rotating spiral under an AC electric field with E 0 ¼ 0:06. Although the drift trajectory of spiral tip responding to an AC electric field with E 0 ¼ 0:06 is actually a circle, the radius of the circle is very large. And we can numerically obtain the drift velocities by a linear fit of the drift trajectory within a short period of evolution time, which agree well with the theoretically obtained drift velocities. In specific, from Eq. (4), the theoretically obtained drift velocity values of C 1 and C 2 can be calculated as 0:0548 and À0:0151, respectively; and the numerically obtained drift velocity values of C 1 and C 2 are 0:0576 and À0:0139, respectively. The relative differences between them are small enough.
Next, we will propose a kinematical model to describe the drift velocity of a scroll ring in the presence of an AC electric field perpendicular to the plane of the ring. Specifically, two effects of the applied AC electric field on the scroll ring are analyzed. First, the top spiral in the crosssection of the scroll ring (see Fig. 1 ) can yield an electricfield-induced drift velocity C 1 along the x direction under the AC electric field according to Eq. (4). Thus, we can consider adding this effect C 1 to Eq. (2b) to describe the electricfield-induced drift velocity of scroll rings along their symmetry axes. Second, in the y direction (i.e., the radial direction of the scroll ring), the AC electric field can also induce the top spiral in the cross-section shown in Fig. 1(a) to experience another drift velocity C 2 according to Eq. (4). Hence, one can add this effect C 2 to Eq. (2a), and then use it to describe the rate at which the scroll rings shrink or expand in the radial direction. From above discussions, a group of kinematical equations for scroll rings in response to an AC electric field perpendicular to the plane of the rings, by a linear superposition of the theory of dynamics of the free scroll ring 15, 16, 28, 45, 46 and the drift formula of the spiral due to the effects of the AC electric fields, 44 can be proposed
If the initial radius Rðt ¼ 0Þ of a scroll ring is known, one can use the values of c 1 and c 2 obtained by Eq. (3) and the values of l and obtained by Eq. (5) to predict the drift velocity of scroll rings in the presence of an AC electric field based on Eq. (6). In this paper, the column vectors W ð1Þ , V ð1Þ , and V ðÀ1Þ are computed on a polar grid by using the open source software "DXSpiral", 62 to which we add relevant codes for calculating Eq. (5) . A disk of radius 10.0 with 120 angular grid points and 143 radial grid points is used. Note that in computing W ð1Þ , V ð1Þ , and V ðÀ1Þ , the initial rotation phase of the spiral in the system of reference of the spiral should be set to be 0, i.e., U 0 ¼ 0.
We note that the kinematical model (6) expresses a superposition assumption believed to be reasonable for 1=R ( 1 and for at least in the first order to small perturbations (E 0 ( 1), and they are approximate formulas for dR=dt and dX=dt when E 0 ¼ 0:06. The reason we take the value E 0 ¼ 0:06, but not E 0 ¼ 0:005 as used in Ref. 44 , to do the simulations is that scroll rings responding to the AC electric fields with E 0 ¼ 0:06 can exhibit richer dynamical behaviors, such as, the reversal drifting and the transition from original contraction to expansion. If the applied electric field strength is too small, for example, E 0 ¼ 0:005, it is hard to observe these interesting phenomena, as the effects of such a small electric field on the scroll ring cannot dominate the impact of the intrinsic filament motion of a free scroll ring.
We can take the case of E 0 ¼ 0:06; U ¼ 0; / ¼ 0 for scroll rings as an example: the theoretically obtained drift velocities dR=dt and dX=dt at Rðt ¼ 0Þ ¼ 29:3899 according to Eq. (6) can be calculated as À0:0168 and 0:0417, respectively, and the numerically obtained drift velocities dR=dt and dX=dt at Rðt ¼ 0Þ ¼ 29:3899 based on the linear fit within a short evolution period of scroll rings are À0:0167 and 0:0412, respectively. One can see that the relative differences between them are also small enough.
By the analysis of Eq. (6), we can draw the following conclusions about the drift velocities dR=dt and dX=dt of scroll rings, which are independent of the specific models.
First, both the drift velocities dR=dt and dX=dt of scroll rings are dependent on the initial phase of scroll ring U and on the initial phase of AC electric field /, meaning that the scroll rings' reversal, growth, or shrinkage can be controlled by varying the initial phase of the AC electric fields or the initial phase of the scroll rings. These cases have been observed in the direct numerical simulations shown in Figs. 2 and 3.
Second, by systematically varying the initial phase of AC electric fields / with fixed U ¼ 0, one can get theoretically the drift velocities dR=dt and dX=dt of scroll rings at the given initial scroll ring radius Rðt ¼ 0Þ according to Eq. (6) and can get numerically the drift velocities dR=dt and dX=dt at the same Rðt ¼ 0Þ by the linear fit within a short evolution period of scroll rings according to Eq. (1). The results are shown together in Fig. 4 , which demonstrate that the drift velocities of scroll rings are related to the initial phase of AC electric fields /, and the theoretical values (line) obtained by Eq. (6) are quantitatively consistent with the numerical ones (symbols) obtained by Eq. (1) both for dR=dt vs / and for dX=dt vs /.
Third, for a given / of the AC electric field applying to the scroll ring, the drift velocities of the ring both in the radial direction and in the symmetry axis also vary with the change of U, and the theoretical results obtained by Eq. (6) agree quantitatively with the numerical ones obtained by direct simulations of Eq. (1) as well, as shown in Fig. 5 . It is worth noting that the dependence of the dynamics of scroll rings on the initial phase U under the AC electric fields is different from the case of DC electric fields. Actually, the drift velocities of scroll rings in the presence of the DC electric fields are unaffected by the initial phase of scroll rings. More interestingly, the theoretically obtained drift velocities of scroll rings incurred by AC electric fields according to Eq. (6) remain unchanged when the variation of U is p. This can interpret the numerical observations for the evolution behavior of the scroll ring with U ¼ 0 in Fig. 2(b) being the same to that of the scroll ring with U ¼ p in Fig. 3(c) .
Fourth, an additional significant feature can be predicted by Eq. (6): there surely exists an equilibrium condition of a critical electric field strength E 0 and a critical initial phase / under which the scroll ring neither shrinks nor expands (i.e., dR=dt ¼ 0) and, simultaneously, does not drift along its symmetry axis (i.e., dX=dt ¼ 0) for a given initial phase of scroll ring U. Such critical values of E 0 and / can be explicitly derived from Eq. (6), and they are
Here, R 0 ¼ Rðt ¼ 0Þ is the given initial radius of the ring. Thus, we can get the critical value of E 0 theoretically according to Eq. (7a) and the result is 0:036361, which is independent of the scroll ring's initial phase U. While the critical values of / þ (or / À ) obtained by Eq. (7b) vary with the change of U, as shown in Fig. 6(a) . Substituting these known critical values of E 0 and / þ (or / À ) into the reactiondiffusion equation (1), we conduct direct numerical simulations. As expected, the simulation results show that the numerically obtained drift velocity values of dR=dt and dX=dt of scroll rings are around 0, as shown in Figs theoretical predictions are in quantitative agreement with the direct numerical simulations and thus it can provide a good basis for the control of scroll rings by applying AC electric fields. From the mechanism analysed above, we can interpret the numerical observations for the scroll rings' reversal, growth, or shrinkage which rely on the initial phase of the applied AC electric fields / and on the initial phases of the scroll rings U by the proposed kinematical model (6), wherein the relevant coefficients c 1 , c 2 , l, and can be computed by Eqs. (3) and (5) . The obtained drift velocities of scroll rings from the kinematical model (6) surely are a 2pperiodic function of 2U þ /, which corresponds to the numerical findings in Figs. 2(d) and 3(d) .
DISCUSSION
The kinematical model (6) indicates that the filament drift should occur along a straight line almost. However, the numerical results in Figs. 2 and 3 demonstrate that the filament drift does not occur along a straight line. This is due to the following reasons.
First, when the electric field strength E 0 is not small enough, one must consider that the initial phase U is timedependent and the drift velocity formula of a rigidly rotating spiral becomes (more details can be found in the Appendix)
where Dx ¼ OðE 2 0 Þ. Thus, a typical trajectory of a resonant drifting spiral is a circle of radius R rd ¼ jC 1 þ iC 2 j=j2Dxj ¼ j0:25E 0 l=Dxj ¼ Oð1=E 0 Þ, which is the same as resonant drifting spiral induced by periodic forcing. 61 Second, the kinematical model for a free scroll ring (2) is valid only for 1=R ( 1; thus the kinematical model (6) is an approximate drift velocity formula of a scroll ring under an AC electric field for R $ 30 in this paper.
Third, the rotation frequency of a scroll ring x depends on the ring size R. 20, 60 In our numerical simulations, the rotation frequency of a scroll ring x is measured from R 0 ¼ Rðt ¼ 0Þ, and x e ¼ 2x is kept as a constant in the simulations. CONCLUSION We have numerically studied the resonance of scroll rings with an AC electric field directed along the symmetry axis of the rings with the electric field frequency equal to double frequency of the scroll wave rotation. It has been found that the resonant scroll rings can exhibit a rich variety of ring dynamics, such as, their reversals, collapses, growths, or sleeps, despite the positive filament tension. In addition, a kinematical model (6) extending the theory of dynamics of the free scroll ring to include the additional effects of the applied AC electric fields has been proposed. The drift velocities of scroll rings obtained by the kinematical model (6) are in quantitative agreement with the results obtained by the direct numerical simulations of the reaction-diffusion equation (1) . Note that our findings are quite robust and insensitive to the specific models. For example, we have also checked the main findings in Barkley's model 63 and found the similar results.
It is worth pointing out that the dynamics of scroll rings in the presence of AC electric fields is quite different from that of scroll rings under the DC electric fields. For instance, the drift velocities of scroll rings due to the effects of the AC electric fields are dependent on the initial phase of scroll rings, whereas the drift velocities of scroll rings under the DC electric fields are independent of the scroll rings' phases. Moreover, the AC electric fields can allow the scroll rings for the existence of an equilibrium state, where the scroll rings neither shrink nor expand along the radial direction and, simultaneously, are at rest along the symmetry axis, when they are under the properly chosen AC electric fields; while such a situation cannot be achieved by the DC electric fields.
If the AC electric field is applied in a direction not perpendicular to y À z plane, in addition to what dynamics of the scroll ring may have in this paper, the scroll ring will be reoriented in the presence of the AC electric field, until the direction of the electric field is perpendicular to the plane of the ring. The situation may be similar to the case of the reorientation of scroll rings under the DC electric field applied in a direction not perpendicular to the plane of the ring. 37 More details need further study.
Finally, considering that the AC electric fields acting on the 2D spiral wave 43 and the DC electric fields applying to the 3D scroll rings 41 have been realized in the BZ system and that our numerical and theoretical results are robust, we believe that the findings presented in this paper are highly likely to be observed in the laboratory experiments. (A4) that is,
